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1 Introduction

Let £2 be a bounded domain in RY, d > 1, with a sufficiently smooth boundary 9£2.
We consider a time-fractional differential equation

9%u(x, 1) = —kAu(x, 1) + F(x,1), (x.1) € 2 x Ry, (1.1)

where 9" is either the Caputo or the Riemann-Liouville fractional derivative of order
o > 0, with respect to the time variable ¢ [18], [19], and —A is a uniform elliptic
differential operator.

Equations such as (1.1) describe anomalous diffusion processes and wave propa-
gation in viscoelastic materials [3], [8], [9], [21], [22]. They have attracted increasing
interest in the physical, chemical and engineering literature [2], [16], [24], [28]. It has
been shown by Adams and Gelhar [2] that field data show anomalous diffusion in
a highly heterogeneous aquifer, which cannot be modelled by a classical advection—
diffusion equation which corresponds to @ = 1. In [24] Nigmatullin introduced a
fractional diffusion equation to describe diffusions in media with fractal geometry.
In [16] Ginoa, Cerbelli and Roman have derived a fractional equation for relaxation
in complex viscoelastic materials by employing a formal analogy with a diffusion
process in the corresponding disordered structure. Roman and Alemany [28] studied
continuous-time random walks on fractals and showed that the average probability
density of random walks on fractals obeys a diffusion equation with a fractional time
derivative asymptotically.

The existence, uniqueness, and inverse problems for space-time fractional differ-
ential equations have been considered by many authors, see for example [1], [6], [7],
[15], [19], [20], [30], [32], [33]. The book [19] contains a very thorough treatment of
equation (1.1) of order 0 < o < 1 in a classical space on the domain £2 x [0, T']. At
the same time, in the paper [31], Tuan considered the time-fractional partial integro-
differential equation

t
O u(x,t) =kAu(x,t) — / gt —Dux,t)dr, (x,t)e 2 xRy, (1.2)
0

satisfying the Dirichlet boundary condition
u(x,t) =0, (x,1) €082 x Ry,

and a suitable initial condition that depends on whether 9/ is the Riemann-Liouville

. . 2 2
derivative or the Caputo derivative of order 0 < o < 1, where A = 387 + -4 %
1 d

is the Laplace operator in R?. Tuan has shown the existence of the solution of (1.2)
for large time, which means its global existence in £2 x R in the so called Wiener
space of functions with bounded square averages. Equation (1.2) is a well known
model for heat distribution of a visco-elastic material with memory and has important
applications in material science [3], [8], [9], [29].
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In spite of the importance, to the authors’ best knowledge, there are not any works
published concerning the unique existence of the global solution to equation (1.2)
for 1 < o < 2. This motivates us to consider the time-fractional integro-differential
equations (1.2) of order % < a < 2 in this work.

Recently, there have been some works on restoring the order of the fractional
derivative 0 < « < 2 for the fractional equation (1.2) in the special case k = 1, g(¢) =
0, (see [6], [7], [20]), from observations of the solution u (b, ¢) at a single point b € 2
over the time. In this study, we will discuss the inverse problem of identifying the
order of fractional derivative «, the coefficient k, and the memory function g(¢) in
the fractional equation (1.2) for % < a < 2 from a single observation of the solution
at one point inside or on the boundary of the domain 2. Similar result for the case
% < o < 1 has been considered in [33].

The main purpose of this article is to prove the global existence of solutions in
direct problems in the space of functions with square average power growth for the
case of % < a < 2, global existence results presented here are new and do not rely on
semi-group techniques [14]. Secondly we solve the inverse problem of reconstructing
the fractional order «, the parameter k, and the memory function g from a single
observation of the solution at one point inside or on the boundary of the domain 2.
We should notice here that the case 1 < o < % is not covered by our present method.

2 Preliminaries

In this section, we provide some auxiliary notations and facts that will be used in the
sequel.

We firstrecall a class of functions which plays very important role in study fractional
integro-differential equations and time-fractional integro-differential equations [25],
[31], [34], [36] on the whole R .

Definition 1 [34] By BSA,(R), a linear space of functions with square average
power growth of order p > 0, we denote the set of all locally integrable functions f
on Ry such that

T
sup —— | £ (D> dt < oo,
e (T+1)1’/0 J

and

BSAs(R,) = UBSA,,(R+).
p>0

We say f € BSAT(Ry)if f, f', ..., [ € BSA,(Ry).

It was shown [34] that f € BSA,(R,) if, and only if, F(s), its Laplace transform,
defined by

F(s) = (Lf)(s) == /0 e f(nydr,
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is holomorphic in the right-half plane Re s > 0, and

x \? [*®
sup ( ) / |F()c—i—iy)|2 dy < oo.
x>0 \X+1 —00

Denote by £ the inverse Laplace transform [35]

1 ,
f) = (L7F)0) =5 ). _dF(s)e”ds.

Here and throughout the paper capital letters F', G, H, U, C j»Dj,e, will denote
the Laplace transform of functions f, g, h,u,cj,d;, - - , respectively.
The following theorem is from [25, Theorem 3] for the case 1 < o« < 2 and [34,

Theorem 3.1 and Corollary 3.2] for the case 0 < o < 1.

jan()|
T an( )]
ifo > 1, and ||gll; <k, ifa <1, then m is holomorphic in the domain
Res > 0, and there exists M > 0 such that

Theorem1 Letk > 0,0 <a <2,and g € LI(RQ, such that || g|l; <

1
s +k+ G(s)

M

< —
ls|*”

and the inverse Laplace transform

B
-l s
f=£ (s“—i—k—i—G(s))

is from BSAy—pgy—1(Ry), where B < o — %

The importance of the space BSA,(R;) can be seen when we consider the
following Caputo and Riemann-Liouville fractional integro-differential initial value
problems

t
Cox f () +kf (1) + /0 gt — 1) f(0)dt = h(1),
Q0 =fi, i=0,1,...m—1,
t

Df‘f(t)+kf(t)+/0 g(t — ) f(v)dt = h(1),
" f O =fi, i=0,1,..,m—1,

Q2.1

2.2)

ae(m—1,m], meN, m=>1,
where k € Ry, g,h € L'(R,) are given, and f is an unknown function. Here and

throughout this paper D is the Riemann-Liouville fractional derivative [18] and CE);"
is the Caputo fractional derivative [18].
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From [25, Theorems 4 and 5], we can see that if % <a<2ghce LI(R+),
|tan ()|
L+ |tan(%55)]°
differential equation (2.1) has a unique solution f from BSAs,+3(Ry), and the
Riemann-Liouville fractional integro-differential equation (2.2) has a unique solution

f from BSAzy—1(Ry).
Next, we recall the two-parametric Mittag-Leffler function [17] that plays a crucial
role in the study of time-fractional integro-differential equations

and [|gll; < y(a)k with y(a) = then the Caputo fractional integro-

o 4
Eop(2) = ;m, o, B> 0.

The following lemmas collect important properties of the Mittag-Leffler functions,
that will be used in the sequel.

Lemma1 [26, Theorem 1.6] Let x > 0,0 < o < 2, and f > 0. Then there exists a
positive constant M such that

M
1+x

|Eq,p(—X)| <

In particular, |[Eq g(—x)| < M.

One can prove that M| = %ﬁ) if B > 0.
Here and throughout the paper we use M, M1, and M> to denote universal positive
constants that can be distinct in different contexts.

Lemma2 Letx >0and 1 < o < 2. Then
T
X|Eq2(—=x%)| < —2cos —.
o

Proof Recall the integral representation [17, page 111, Exercise 4.11.16]

dr.

N TN | < r2@ FsinBr) — r*Psin[(a — p)r]
a,ﬂ( x*) = e o 20

7 Jo 14 2r%cos(amr) +r

Taking 8 = 2, we get

o0 o

1 —r*Zgin(ar
an’2(_xa) — _/ e X r (Ol )
T

dr, 1 2,
0 1 + 2r% cos(am) + r2® " o=

then

o 00 a—2
HEaa(—x)) = | = [ ’ dr| .
' T o 14+2r%cos(am) +r2
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Using formula [27, page 311, formula 2.2.9.24]

/‘” xP~! gy Tsinl(l = p)y]
X = ,
o XZ+4+2xycosy + y? y2=P siny sin p
y>0,0<y<m0<p<?2,
we obtain

1

oo ’,a—2 00 tw
f dr = / dt
o 14 2r%cos(am) + r2 o 1?42t cos(ma —2m) + 1
7T sin %’T

~ sin(am)sin Z°
Thus

—sin(amr) 7 sin=- T
=—-2cos—, l<a<?2.
o

X|Eg2(—=x%)| <

27 ‘

T sin(ar) sin 2

3 Time-fractional integro-differential equations

In this section we shall study the following time-fractional integro-differential equation
of the form

t

3f‘u(x,t)=kAu(x,t)—/ gt —nu(x, n)dn,
0

3.1
(x,t) = (x1, ..., x4, 1) €2 xR4, 1 <a<?2,
with the Dirichlet boundary condition
ulx,t) =0, (x,1) € 082 x R4, (3.2)

d
where 2 c R? (d = 1) is a bounded domain with smooth boundary 982 € C [Z]H,
and A = % 4+ 4 ;x_zz is the Laplacian in R?.
1
Concerning initial conditions, they depend on the definition of fractional derivative

of. If 97 is the Riemann-Liouville fractional derivative D{ of order @ € (1, 2), the
initial conditions are

7 %u(x,0) = f(x), D 'u(x,0)=h(x), xce, (3.3)
and the initial-boundary value problem (3.1)-(3.2)-(3.3) is called Problem (R).
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If 9 is the Caputo fractional derivative ¢ o7 of order € (1, 2), the initial conditions
become

du(x,t)
ot

u(x,0) = f(x), o =h(), xee, (3.4)

and the initial-boundary value problem (3.1)-(3.2)-(3.4) is called Problem (C).

We will show the observability of the solution for large time, which means its
global existence. The fractional nature of the problem will require us to use the space
BSA,(Ry) of functions with square averages power growth.

To study Problems (R):(3.1)-(3.2)-(3.3) and (C):(3.1)-(3.2)-(3.4) we shall use the
eigenfunctions expansion method. For the Laplacian under Dirichlet boundary con-
dition, denote its eigenvalues, indexed in the ascending order and counting their
multiplicity, by A ; and associated eigenfunctions by ¢;, i.e.

Apj(x) = =Ljpj(x), in £,

@j(x) =0, on 32. (3.5)

It is known [23, page 181, Theorem 3, Section 1, Chapter IV] that 0 < A1 < Ay <

Az < - < A; < ..., with lim A; = oo, and the set {¢;};>1, normalized by
J—00

llgjll2(@) = 1, is an orthonormal basis for L?(£2). Moreover, @j € C*(£2), and
the smoothness condition on the boundary guarantees that ¢; € C (£2) (see [23, page
227, Theorem 7, Section 2, Chapter IV]).

We derive first a result about the global existence of classical solutions of Problem
(R):(3.1)-(3.2)-(3.3). Because initial conditions depend on the form of the fractional
derivative on the left hand side of the time-fractional integro-differential equation (3.1),
the corresponding representations of solutions differ. We demonstrate the derivation
in the case of the Rieman-Liouville time-fractional derivative. The case of the Caputo
time-fractional derivative can be treated in a similar way, and therefore will be men-
tioned without much details.

First we look for a particular solution of (3.1) in the form

u(x, 1) =[c;() +d;(0)]g;x), (3.6)

satisfying 12~ %u(x,0) = D 'u(x,0) = @ (x). Plugging (3.6) in the equation (3.1),
thanks to (3.5), we obtain that ¢; and d; satisfy the fractional integro-differential
equations, respectively,

t
Djcj(t) = —khjc;(1) —/0 gt —s)cj(s)ds,

IF7%;j(0) =1, D '¢j(0) =0,

3.7
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and

t
D2d;(1) =—kx,-d,-(z)—f0 g(t — 5)d;(s)ds,

177%d;(0) =0, D 'd;(0)=1.

(3.8)

To solve (3.7) and (3.8), one shall use the Laplace transform. Formally we would
have

SYCi(s) —s =5%Cj(s) — s [77%¢j(0) — D" ¢;(0) = —kr;Cj(s) — G(s)Cj(s),
and
s“Dj(s) — 1 =s"Dj(s) — s I>7d;(0) — D*'d;(0) = —kA;D;(s) — G(s)D;(s),

therefore,

N

Ci)= — o
A W IO

cj(t) = (ﬁ’lcj) (5), (3.9)

D;(s) = d;(t) = (L—lpj) (s). (3.10)

s+ Ajk +G(s)’

By f € BSA(Ry) for 1 < o < 2, we mean both f, Df f € BSA,(R4). We
have

Theorem 2 Let% <a <2 gl < y(@kxr with

= a5

= 3.11
I+ an(g)] G

Then c;(t) and d;(t), defined by (3.9) and (3.10), belong to BSA%‘(X_3(R+) and
BSAY, |(Ry), respectively.

Proof Since |gll; < y(x)Atk < y(a)Xjk,for j =2,3, ..., Theorem 1 and formulas
(3.9), (3.10) show that ¢;(t) € BSAy—3(R4) and d;(t) € BSAzy_1(Ry) for j =
1,2, .

We have

S()\.jk + G(S))

(LDYcj)(s) = s Cj(s) —s I7™%¢c;(0) — D*"'¢;(0) = RCFSwawaEt

and

Ljk + G(s)

(LD%d;)(s) = s% Dj(s) — s I77d;(0) — D¥~'d;(0) = R wawc
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Since |G(s)| < ligll; < y(@)A1k < y(a)Ajk, by Theorem 1, we get Dic;(t) €
BSAzy 3(Ry) and Df¥dj(t) € BSAzy—1(Ry). Thus ¢;(t) € BSAS, ;(Ry) and
dj(t) € BSAS,_|(Ry). O

If we take f(x) = h(x) = @;(x), then u(x, t), defined by (3.6), (3.9) and (3.10),
satisfies (3.1). Hence, if we take f(x) = ZT:l ajpj(x), h(x) = Z’;’:l bjg;(x) then
u(x, t) defined by

m

ur, 1) = Y laje;(t) +bid; ()lg; (), (3.12)
j=1

formulas (3.9) and (3.10), satisfies (3.1). .
Asc; € BSAS, s(Ry) C BSAS, |(Ry)and@; € C*(£2) N C(£2) we arrive at

Theorem 3 Let % <o <2 gl <y@kiy with y(a) being given by (3.11), and
f(x) = Z?:l ajpj(x), h(x) = Z’;’:l bj@j(x). Then (3.12) is the classical solu_tion
to Problem (R):(3.1)-(3.2)-(3.3), exists for allt > 0, and belongs to C*°(£2)NC(£2) x
BSAS, | (Ry).

Remark 1 This function theory approach gives a new method to prove global existence
of solutions of evolution equations that is not based on semi-group theory which usually
provides local existence of the solution. Also we need only g € L' (R, ) and no sign
condition, such as g > 0, is needed.

For Problem (C), we again look for a particular solution of (3.1) in the form (3.12),
but under the initial conditions u(x, 0) = 240, o = ¢ (x).
To find the exact expressions of ¢;(¢) and d; (), use (3.1), (3.5), to deduce

t

cat"‘cj(t)z—k)»jcj(t)—/og(t—s)cj(s)ds, cj(0) =1, c;»(O):O,

(3.13)
and
13
caf‘dj(t):—kkjdj(t)—/o gt —s)dj(s)ds, dj(0)=0, d}(O):l.
(3.14)
The solutions of (3.13) and (3.14) can be written in the form
| sot—l
() =(LC; , Cis) = ———, 3.15
¢ =(£7'¢;) ). €0 e e (3.15)
and
| soz—2
di(t)y=(L"'D; , Di(s) = ——m———, 3.16
i = (£7'D;) @), D) R W (3.16)
respectively.
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If llgll; < y(x)kAq, % < a < 2, then Theorem 1 shows that
cj(t) € BSAI(Ry) C BSAyy—1(Ry) and d;(t) € BSA3(Ry). Moreover, we
have

V() = 5 Co(s) — c:(0) = — KT GO
(Lej)(s) =sCjs) —cj(0) = AT GE)
jo-l (3.17)
(Ldj)(s) = s Dj(s) —d;(0) = m,
and
) = C sy s o0y el () = SOk G
(L j)(s) =57Cj(s) —scj(0) cj(O)— s“+kjk+G(s)’ s

Aik + G(s)

" _ 2. _ . _ g = - -
(Ld7)s) =57 Dj(s) =5 dj(0) =d;(0) = = o o Gy

From Theorem 1, we derive c;. (t) and c;’ (1) belong to BSAj,_1(Ry) and
BSAyy_3(Ry) C BSAzy—1(Ry), respectively.

Thus cj(t) € BSA3, |(Ry) C BSAZ(RY).

Similarly, d} (t) and d}/(t) belong to BSA|(R4+) € BSA3(R4) and
BSAyy 1(Ry) C BSA3(Ry), respectively. Thus d;(¢) € BSA%(]RJF).

Now if we take f(x) = Z'}-’:lajgoj(x), h(x) = ZT:I bjp;(x), then u(x, 1)
defined by (3.12), (3.15), and (3.16), satisfies (3.1). Thus, we have proved

Theorem 4 Assume that the assumptions in Theorem 3 hold, then (3.12), together
with (3.15)and (3.16), is the classical solut@ to Problem (C): (3.1)-(3.2)-(3.4), exists
forallt > 0, and belongs to C*°(§2) N C(§2) X BSA%(RJF).

Now we go to the general case. By H™ (£2), m > 1, we denote the Sobolev space
of functions whose weak partial derivatives of order up to m belong to L?(£2). Let
H(’)” (£2), m > 1, be the Sobolev space of functions with zero boundary values, i.e.
the closure of C;°(£2), the space of infinitely differentiable functions with compact
support inside £2, in H™ (§£2) norm. We obtain the following theorem for Problem (R).

Theorem5 Let g € L'(R.) UL®R,), f € H'(£2), h € H(’)"_l(.Q), lelh <
y (a)kA1 with y («) being defined by (3.11), % < a < 2,and cj and d; be defined by
(3.9) and (3.10), respectively.

a) If02 € C™ then the following series converges in H™ 1 (£2) norm for eacht > 0

w(x, 1) i= Y [fe;(0) +hjd;i(D)]p;(x), (3.19)

j=1
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where f;, hjare the j'" Fourier coefficients of f, h € L*>($2) in the basis {¢j}i=1,

namely { }{J } — fg {}{((;C)) } @j(x) dx. If, moreover, m > [%] +2, thenu(-,t) €
J

d
c’"’[f]’z(ﬁ).

b) If m > % + 1, then the series (3.19) converges absolutely on Q := §2 x R;..

c) Ifm > gdz—ﬂ then the series (3.19) converges uniformly on any compact subset of

d J—
Q. Moreover, if 052 € C[Z}H, thenu € C(£2) x BSAzy—1(Ry).

The absolute convergence of (3.19) should be understood in the following
unconventional way. With the presence of multiple eigenvalues, let us regroup all
eigenvalues into a strictly increasing sequence @i < (2 < --- such that the sets
{At, A2, -+, Aj,---}and {uy, u2, -+ -, y, - - - } coincide. Then the absolute conver-
gence of (3.19) means the convergence of the series

o
ST Lfiei@) + hdj)]e)(x)) .
=1 |rj=w
Proof Consider the equation
Dy y(1) = —hy() +q@), D~ 'y(0) = yo, I77*y(0) = y1, @ € (1,2),(3.20)
its solution has the form [18]
() =yo1*™ Eqa(—31%) + y11* ? Eq g1 (—11%)
t . (3.21)
+ / (t = 0% Eqal—i(t — )%lg (1) .
0
Applying (3.20), (3.21) to (3.7) and (3.8) with g (t) = —(g * ¢;)(¢), g(t) = —(g *
d;)(t), respectively, and A being replaced by kA ;, we obtain
¢j(t) = 1“7 Eq o (—kn ;1)
t T
—/0 (t — ) Egal—kh;(t — f)“]fo gt —mcj(n)dndr
t
=t“‘1Ea,a(—kkjt")—/ B, m)c;(n)dn,
0
and
dj(t) = 1" Eqq1(—kij1%)

t T
—/0 (t =0 Eqal—khj(t — f)“]/O gt —mdj(m dndr

t
= 12 Eg g1 (—kajt®) — fo Bt md;(n) dn,
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where
t
Bt m) = / (t = ) B al =k (t — 0)*1g(x — ) dr. (3.22)
n

From Lemma 1 we have

a—2
—1 —1 -2
1“7 Eqo(=kAjt)| < Myt*, t* |Ea,a71(—kkjfa)|§Mm,
and
! a—1 (t—mn)*
s = oo — = — 00 .
Bl = Millgloe [ =0 ar = =T wy g (3.23)
n
Consequently,
M t
|c,(r>|sM1r“—1+%/(r—n)“|cj<n>|dn, (>0, (324)
0
and
i) < M—t Mgl /ta— ld;aldn, 1> 0. (3.25)
IO = T o «  Jp o e S

Applying the Gronwall inequality for fractional integral [37, Corollary 2] and using
monotonicity of %, to (3.24), we obtain

e; (0] = M By (Milgloot™ ' T@)) = N, 120 (326)

Now applying the generalized Gronwall inequality [19, Lemma A.2] to (3.25) yields

na72

1+kkjn“

a—2

dit)| <M ——
;01 < 1+ khjte

t
+M1e’”2f/0 (t —n)* dn.

xP

i =pPa - )77, where 0 < p < 1, we have

Note that max
x>0

) kl’kft‘”’
Aldi)] < Mk~ Prr—2er L
i 01 = 1+ khjte

t kpkl?n“p
+M k—pelef f—n)¥ ot—2—ap]—d
1 0( men T+ ko n
< Mk™P1* 2P pP(1 — p)' =P
MipP(1—p)'=r ! o
+k—peM2t/ (t—m*n“ 2 *Pdn
0
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B Mte=2=PpP MipPT(a + DI (0 —ap — 1)t2<x—ocp—leMzt
~ kP(1— pyr-t kP(1— p)P='I" Qe — ap)

_ _ 1
=N*1), O0<p<l .
o

Therefore
_ _ 1
ldj ()] < 4; PN*@t) < A{PN*(t), 0<p<1——. (3.27)
(07

Thus, {c;(#)}j>1 and {d;(¢)} j>1 are uniformly bounded on any compact subset of R ;.
a) Since f € Hy'(2), h € Hg"fl(.Q) and 952 € C™, then by [23, page 230,
Theorem 8, Section 2, Chapter I'V],

m m—1 2
Zf,k < Mill f gy < o0, Zh K< Mallh e ) < 00,
j=1

andtheseries 3 72 fg;(x)and } 72 hjg;(x) convergeto f(x)and a(x)in H™($2)
and H™~1(£2) norms, respectively. Together with the uniform boundedness of ¢ j and
dionle, T], 0 <e < T < o0, ityields

> (ficj(0) + hjd; )27
j=1

<2 D i + thdz(mm 1)

j=1

j=1 j=1

=2 [ NOY 7 AV 0)? thx’" 1)

<2 N2 ij A +A*2P(N*(t))22hzxm ‘)
j=1
O<e<t<T < .

In other words, the series (3.19) converges in H™ 1 (£2)norm,and u(-, t) € H" ()
for any ¢+ > 0. On the other hand, when m > [%] + 2, we have [23, page 155,

a1 —
Theorem 3, Section 6, Chapter III] H"~1(2) C c” [2] 2(.{2), therefore, u(-,t) €

o [4]-2 ( Q)

b)Ifm > 2 +1, f e H'($2) and h € Hg”fl(.Q), then the series Z?O:] fiej(x)
and Z‘;i 1 hje;j(x) converge absolutely to f and # on any compact subset of £2,
respectively [4, 5], see also [31, Lemma 4.1 a]. Noticing that ¢;(#) = c;/(¢) and
dj(t) =dj (1) if j = j" we arrive at

@ Springer



T.D.Phungetal.

||Mg

Z [ficj(®) + hjd;(1)]g;(x)

<Y DD i)+ D | D hidih)gj(x)
=1 |Aj=w

=1 |Aj=p
o0 o0
SNOY | D fioi@|+ AN O Y | Y hjgin] < oo,
I=1 |xj=p I=1 |rj=w

i.e., the absolute convergence of (3.19).
¢) Recall the Weyl’s law for the asymptotics of the eigenvalues A ; [10-13]
_2
d

2 —d
hj8j8,  j— o0, where §= %/wg(x)dx . (3.28)
rE+1)Je

For the eigenfunctions ¢;(x) the following asymptotics formula holds uniformly on
any compact subset K of £2 [4, 5]

Z (pjz(x) =0 (Ad_1>, A — 00.

|/hj—r<1
In particular,
d—1 d-1
‘Pj(x)=0<kj4 >=O<j2d>, i = oo. (3.29)

Now, if f € H(;” (£2), then its Fourier coefficient f; has the asymptotics [4, 5]
fi=0 (x;i) —0 (j*%), i = o0, (3.30)

Similarly, if & € H(;” -1 (£2) for m > 1, then its Fourier coefficient /; has the asymp-
totics

-zl _mol .
hj=0(,\j2>=0<] d), j = oo. (3.31)

From (3.29), (3.30), and (3.31) we have

Lfici(t) + hid;()]e;(x) = 0( = ) +o0 ( - 2’”), (3.32)

uniformly on K x [€, T'], where K is any compact subset of £2. Since m > 3"—“

then d‘éd_zm < d+£d_2’" < —1, and therefore, the series (3.19) converges umformly

on K x [e,T].
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Time-fractional integro-differential equations...

From Theorem 1, (3.9), and (3.10) we have

M, M
ICi(s)] < W’ [Dj(s)] < W’ Res > 0,

where M and M> are independent of j. Hence, Holder’s inequality and the Parseval
formula for the Laplace transform in L?(R_.), see [35], give

00 2 00 00
[/ e"’|c,-(t)|dt] 5/ e*’”dtf e c; (1) dt
0 0 0

1 ‘C 2d M} [T 1 J
- ]< +ly>‘ y=5-7 T 2a—D%Y
27 x 2mx Joo |3 +iyl

M1222"‘_4F(oz -3
= , x>0,
x20=2 /7 (o — 1)

and
00 2 ) )
[/ e_’”|dj(t)|dt] 5/ e_”dtf e \d;(0)|?dt
0 0 0
1 +°°‘ x M3 [T 1
= — Dj<—+iy>‘ dy_— ———dy
2mx 2 2w x ’%f + iy| o
M32% 2 — %) 0
x2 /nl(a) '
Consequently,

Z /0 e (e (0) + hyd; (0)p; (x)]dt

< Z|f,¢,<x>| / —X’|c,<t>|dr+2|h,w,<x>| / e |d;(1)\dt

Jj=1 Jj=1

ad d=lom 1 & d+1-2
Z ( ) FZO( 2d ><oo x > 0.

j=1

Thus, we can apply Lebesgue’s dominated convergence theorem to obtain
oo
(Lu(x, )(s) = Z [fi®j ) (Lej)(s) +hjej(0)(Ldj)(s)], Res > 0.

J=1
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In other words,

Ux,5) = ) [f;Cj(s) +h;Dj()lg;x)

Jj=1

— 0( a1 2111)0 <Sall>+§:0<jd+lz§zm)0 <si°‘> (3.33)

j=1 j=1
1 1
= 0 s‘X*l + 0 sfa .

By Theorem 1 we have u(x, ) € BSAx,—1(R4).

Now, m > % > [%] + 2, therefore, combining with Part a) we arrive at u €
C(2) x BSAzq—1(Ry).

Theorem 5 is proved. O

Similarly, we have the following theorem for Problem (C):(3.1)-(3.2)-(3.4)

Theorem6 Let g € L'(R1) UL®R,), f € HY' (£2), h € H6”_1(Q), gl <
y (a)kAy with % < a < 2,and cj and d; be defined by (3.15) and (3.10), respectively.

a) If 082 € C™ then the series

u(x,t) Z (fic;@) +hjd;1)) @j(x) (3.34)

converges in H™(S2) norm for each t > 0. If, moreover, m > [%] + 1, then

|41 —
u(.0 € c14] '@).
b) If m > + 1, then the series (3.34) converges absolutely on Q := §2 x R;..

c) Ifm > M then the series (3.34) converges uniformly on any compact subset of

Q. Moreover, if 052 € C[ } , thenu € C(2) x BSA3(R}).
Proof Consider the equation
Cory) = =2y +q@), YO =y, YO =y, ae(l,2), (335
its solution has the explicit form [18]

t
Y(t) = YoEq(—At%) + y11Eq (=A%) + fo (t — )" ' Eqa (-2t — 1)%) q(v) dT.
(3.36)

@ Springer



Time-fractional integro-differential equations...

Applying (3.35) and (3.36) to (3.13) and (3.14) with g(t) = —(g * ¢;)(1), q(t) =
—(g *dj)(1), respectively, and A being replaced by kA ;, we obtain

Cj(l‘) = Ea(—k)\.jla)
t T
—/ (t — ) Ego(—kij(t — r)“)/ gt —mcj(n)dndr
0 0
t
= Eq(—kx;t%) —/O Bt mcj(n)dn,
and
t
dj(t) = tEg2(—kx;tY) —/0 B, m)d;j(n)dn,
where (¢, ) is defined (3.22). From Lemma 1 and Lemma 2 we have
T 1
|Ea(—kjt)] = M1, 1]Eya(—khjt®)] < (—2c0s ) (k) 5.
o

Together with (3.23), we derive

Miliglles [*
lej ()] < My + TOO (t —m)*lej(m)ldn,
0

and

1

™ 1 Mgl [
d; 0] = (=2¢08 ~ ) (k) ~% + =22 @ =)l (i,
o o 0
Applying the Gronwall inequality for fractional integral [37, Corollary 2], we obtain

lc; ()] < MiEg41 (Ml ||g||ooF(0t)ta+l) < MEqq1 <M1||g||ooF(a)T“+1>
=:Nr,t€]0,T]

(3.37)

and

401 = (<2005 2 ) (ka7 Earrt (Millgllool (@)

_1
< (=200 2) k7% Eqrr (MillglloeF@T ) 57 (3.38)
o

_1 _1
: N?Aj ¢ < N;)Ll * tel0,T].
Thus, {c;(¢)};>1and {d;(?)} j>1 are uniformly bounded on any interval [0, T'], T < oo.
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a) Similar to the proof of Theorem 5 Part a), we have

D (i) +hjd;j0)*h] <2 Z fi@0a + thcﬂ(r)x’"

j=1

(o 0]
<2 NFDY £ +(NT)ZZh a- IA ~
=1

o0
<2 N%Zf]?,\?Jr(N;)ZA Zh 7N M < 0.
j=1

In other words, the series (3.34) converges in H™ (£2) norm, and u(-, t) € H™(2) for
any ¢ > 0. On the other hand, when m > [%] + 1, we have [23, page 155, Theorem 3,

. m—[%]—l — m—[%]—l —
Section 6, Chapter III] H"(£2) C C (£2), therefore, u(-,t) € C (£2).
b) Combining [31, Lemma 4.1 a)], and noticing that ¢;(¢) = cj/(¢) and d;(¢) =
djr(t)if Aj = Ajs, we arrive at

SO0 i) + hjdi()g;(x)

L 2=
o0
<Y Z fici@e;(x) +Z > hidj(t)g;j(x)
=1 |Aj=w I=1 |Aj=p
o0 1 o
SNEY DD e+ N =Y | D hjgin]| < oo,
I=1 |Aj=p I=1 |Aj=w

i.e., the absolute convergence of (3.34).

c¢) Similarly to the proof of Theorem 5 Part c), the series (3.34) converges uniformly
on K x [0, T], where K is any compact subset of £2.

From Theorem 1, (3.15) and (3.16) we have

l M2
ICi() = —. [Dj(s)] = e Res > 0,

where M1 and M» are independent of j. Hence, Holder’s inequality and the Parseval
formula for the Laplace transform in L?(R ) give

00 2 00 00
[/ e_”|cj(t)|dt:| 5/ e—“dt/ e e ()| dt
0 0 0

_ ‘C ( cifay < M fm Lo M 0
J ly)‘ y = 12 y = 2 X >V,
2w x 2w x ’%+ly| X
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Time-fractional integro-differential equations...

and
00 2 %) 00
[/ e_’”|dj(t)|dt] 5/ e—”dt/ e \d;(0)|*dt
0 0 0
1 [t 2 MZ [t 1 2M?
= — ‘Dj<)—c+iy>‘ dy < 2[ 7dy = 42, x > 0.
27X J_oo 2 27X J_oo ’%—G—iﬂ X
Consequently, if m > #, then

3 /0 e (Fiej () + hyd; () (x)ldt
j=I

< Zlfﬂpj(x)l/o E_XI|Cj(l)|dt+Z|I’lj§0l/(x)|/0 e Mdj(n)ldt

j=1 j=1

X

My d—1-2m \/§M2 > d+1-2m
< o) ( j2d ) _— [0) ( j2d ) o0, 0.
=< jZl J + 2 ]ZI J < X >

Thus, we can apply Lebesgue’s dominated convergence theorem to obtain

oo

(Lulx, D) =Y [fi0,(X)(Lej)s) + hjg;j(x)(Ldj)(s)], Res > 0.

j=1

In other words,

Ux,s)= ) [fiCj(s)+h;jD;(s)lp;(x)

oo () Eol5)o(3) o
1 N -

1 1
o(-)+o(3).
s s
By Theorem 1 we have u(x, -) € BSA3(R4).
Now, m > 3"2—“ > [%] + 1, therefore, combining with Part a) we arrive at u €
C(2) x BSA3(R,).
Theorem 6 is proved. O

WK

~
I
_

M

.
Il

Remark 2 The series (3.19) converges in H”~!(£2) norm, but the series (3.34) con-
verges in a stronger H" (§£2) norm.

Now we are ready to prove the main theorems of this section about the global
existence of solutions of Problem (R):(3.1)-(3.2)-(3.3) and Problem (C):(3.1)-(3.2)-
(3.4).
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For Problem (R) we have

Theorem7 Letg € L'(R{)UL®(RY), f € HY'($2), h € HJ' ' (2), 82 € C" with
m >33 <o <2 and ||glly < y(@kAry. Then u(x, t), defined by (3.19), is the
unique classical solution of Problem (R):(3.1)-(3.2)~(3.3) in C%(2) x BSAS, (Ry).

Proof Since m — [%] -2 > # — [%] — 2 > 2, by Theorem 5 a) we have u(-, t) €
C2($2). Moreover, from (3.28), (3.32) and ‘”32;2’" < ‘”52;2'” < —1, we obtain

Mg
Mg

(fjcl(t)+h d (t))AQD/(xN |)L [f/cl(t)+h d (t)]¢/(x)|

O( d+3— 2m)+i0(d+5 2m> < 00,

1 j=1

1

~.
I
=

J

r”18

.
I

uniformly on any compact subset of K x [e, T']. Hence,

Aulx, 1) =Y (fje;(t) + hjdj() Apj(x) = = Y Ajlc; (1) + dj(t)g; (x).
j=1 j=1
(3.40)

From (3.20) and (3.26), (3.27), we get

t
|Dffcj(t)] < kA;N(t) +N(t)/0 lg(t — s)|ds
< N@)(Krj +llglh) = O()) = 0(iD), 1 €le T,
and
t
|D&dj(t)] < krja, P N*(t) +A;”N*(z)/ lg(t — s5)|ds
0
<A PNE@0) (kA +lIglh) = 0Gy) = 037y, teleT)

Consequently,

Z|th[fjcj(l)+hjdj(t)]<pj(x) Z ( a3 2»1) +ZO< a5 2m) - oo,

j=1 j=1 j=1

8

uniformly on [€, T] forany 0 < € < T < 00, and it yields

Dlu(x,t) = Z[ijf‘CJ(t) +h;Dld;(1)]pj(x). (3.41)
j=1
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Time-fractional integro-differential equations...

It is obvious that

13
/g(t—t)u(x,r)dr
0
00 ; ‘ (3.42)
:Z[fj/o gt —1)cj(r)dr +hj/0 g(t—r)dj(r)dri|¢j(x).
j=1

Combining (3.40), (3.41), and (3.42) we arrive that
t
DYu(x,t) —kAu(x,t) + / gt — Dux, 1)dt
0

o t
= figi() |:Df‘cj(t) + khjej(t) +/0 gt — r)c./(t)dr]

j=1
S t
+ Y hjgj(x) [Df‘dj(t) +kajd; (1) +/ gt — r)dj(t)dr:| =0.
. 0
j=1
Since ¢;(x) = 0 on 952, then
o0
(e, t) =Y [fjc;(t) +hjd;j()]pj(x) =0, x €.
j=1
Because I7%c;(0) = 1, DY '¢;(0) = 0 and I77%d;(0) = 0, D*~'d;(0) = 1, by

the fact that the series 372, fj¢;(x), 2272 hj@;(x) converge absolutely to f and i
on any compact subset of §2, respectively see [31, Lemma 4.1 a)],

I u(x, 00 =Y fil7™%ciO)pj(x) =Y fjg;(x) = f(x), x€,
Jj=1 j=1
(3.43)
and
D u(x,0) = Zh,-Df‘—ldj(O)goj(x) = Zhjgoj(x) =h(x), xe€.
j=1 j=1

(3.44)

Thus, u(x, t) defined by (3.19), is a classical solution of Problem (R).
Taking into account (3.33) and (3.43), (3.44) we obtain

(LDYu(x, 1))(s) = s*U(x,s) — s I>"u(x,0) — D* 'u(x, 0)

=5 £ Ci(s) + hjDj()lpj(x) —s Y figj(x) = > hjg;(x)

j=1 j=1 j=1
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=2ﬁwmmwcm—n+2ﬁmmmw0m—n
Jj=1 j=1

—s(Ajk + G(s)) oy k4 G(s))
jz_:ff‘pf( x) 5%+ Ajk + G(s) +jz_;hf‘pf(x)sa+/\jk+c(s)'

Using Theorem 1 and Weyl’s law (3.28) we get

SOk +G@) | _ Midy _ Miji | dk+Gl) | _ Mady _ Majid
sC+Ajk+Gs)| T Islet T fsel [s@ + Ak + G(s) Is]e — s|*
Together with (3.29), (3.30), it yields
Lk + G(s)

sk +G©) ||
5¢ +xjk+G(s) 2

fiej(x) hjp;j(x)

3

s+ Ak + G(s)

d3=om d+1-2m M M>

< ZJ Ma 35 o Mz
|S|°‘ ! | |°‘ / sje=t  |s|
j:

d+1-2m d+3—2m d+5-2m
2~ 24 < 2

because < —1. By Theorem 1, we get Dfu(x,t) €
BSA>,—1(Ry). Together with u(x,t) € BSAzy—1(R4) by Theorem 5 c) it yields
u(x,t) € BSAS, | (Ry). Thus, u € C(2) x BSAS, [(Ry).

Letu,ii € C3(2) x BSAS, | (Ry) be two solutions of Problem (R). Then w =
u—i € C*(2) x BSAS, (Ry) is a solution of

t
D¥w(x,t) = kAw(x,t) —/ gt —mw(x, ndn, (x,1) € 2 xRT,
0

w(x, 1) =0, (x,1) €92 xRF, (3.45)

I w(x, 00 =D 'wx,00=0, xe.

Taking the Laplace transform of (3.45) we get

,W(x,s) € C3($2), Res > 0(3.46)

AW (x,5) = “O W (x 5), x e
Wx,s) =0, xe€df2

—%ﬂa < 0 cannot be an eigenvalue of the Dirichlet

1
Ifs e <||g||f’,oo>, then

Laplacian (3.5), therefore the Schrodinger equation with Dirichlet’s boundary con-
dition (3.46) has only trivial solution W (x,s) = 0, x € £2 [23, page 194, Lemma
3, Section 1, Chapter IV], for such s. But for a fixed parameter x € 2, W(x, s),
as a function of s, is analytic in Res > 0. Hence, w(x,?) = 0, and we obtain the
uniqueness of u#. The theorem is proved. O

Similarly, for Problem (C) we obtain
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Time-fractional integro-differential equations...

Theorem 8 Assume that the assumptions in Theorem 7 hold, then u(x,t), deﬁnﬁi by
(3.34), is the unique classical solution of Problem (C): (3.1)-(3.2)-(3.4) in C3(2) x
BSAI(R.).

Proof Since m — [%] —1> # - [7] — 1> 3, by Theorem 6 a) we have u(-, ) €

C3(2). Moreover, from 3~ dz’” < d+g;2’” < -1,

WK

D 1(fjei@) +hjdj(0)Ap;(x)] =

j=1

X[ fjc;(®) +h;d;(D)]e;(x)]

0( d+3— 2n1)+§:0< d+5 2m> < 00,

1 j=l1

~.
I
=

,P"qg

~
I

uniformly on any compact subset of Q. Hence,

Aux. t) =Y (ficj(t) + hjdj(t) Apj(x) = = > Aj(c;(t) +dj(t)g; (x).
j=1 j=1
(3.47)

From (3.35), (3.37) and (3.38) we get

T
Ca%c; (1)) < kA; Ny +NTf 18(t — $)lds < Nr(kA; + l1glh)
0
=0() = 0(j1). 1€[0,T),

and

1 1 T 1
|C8,‘xdj(t)| < k)».,' )‘1 ”‘N? +A1 “N;/O lg(t —s)|ds < )‘1 ”‘N;(k)»j + llgll)
= 0()=0(j1), te[0,T].

Consequently,

ZI O Lfici (1) + hyd; (1)lp; (x)] —ZO( ) | $50 (1452 < oo

jl ]1 j:l

uniformly on [0, T'] for any T > 0, and it yields

Corute,t) =Y [fi%0%c; () + h;Cord;(0)]e; (x). (3.48)
j=1
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It is obvious that

t
/ gt —Dux, t)drt
0
o . . (3.49)
=> [f,-/o g(t — 1)c;(v)dt +hj/0 gt — r)dj(r)dr:| @j(x).
j=1

Combining (3.47), (3.48), and (3.49) we arrive that
t
Co%u(x, 1) — kAu(x, 1) +/ g(t — Du(x, )dt

00 t
:Z j<pj(x)|: ci(t) +kxj c](t)—i-/ g(t—r)cj(t)dt]

o0 1
+Z ]goj(x)|: Bf‘dj(t)+kkjdj(t)+/0 g(t—r)dj(t)dr:| =0.

Jj=1

Since ¢;(x) = 0 on 952, then

w(x, 1) =Y [fjc;(t) +hjdj()]p;(x) =0, x €df.
j=1

Because ¢;(0) =1, c/j (0) =0and d;(0) =0, d;. (0) = 1, by the fact that the series
Z?’;l fiej(x), Zc]’il hj@;(x) converge absolutely to f and 2 on any compact subset
of £2, respectively see [31, Lemma 4.1 a)]

u(x,0) =Y ficjOp;(x) =Y fig;(x) = f(x), x€,

j=1

i (x,0) =Y hjdj(0)p;(x) =Y hjp;(x) =h(x), xe.

j=1 j=1

Thus, u(x, t) defined by (3.34), is a classical solution of Problem (C).
Taking into account (3.39), (3.17) and (3.18) we obtain

(Lus(x,1))(s) =sU(x,s) —u(x,0)

=5 [f;C(s) + h;D;()lg; (x) - ijgo,(x)
Jj=1 j=1

=3 fioi®)Cis) — 1) + Zh,-wj(x)sDjm

j=1 j=1
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i Ojk+G6) o~ st
Z fi#itx >m+§h’“""(x)s“+xjk+c<s>’

and
(Lug(x,1))(s) = 52 Ux,s) —su(x,0) —u;(x,0)

=Y £ Ci(s) +hiDj()lgj(x) —s Y fi0j(x) = > hjg;(x)

j=1 j=1 j=1

f,q)j(xxs Cj(s) —s)+2h,<ﬂ](x)(s Dj(s) — 1)
j=1
—s(xjk + G(s)) o Gk +G(s)
fiwjx )—a kTG +;h/¢1(x)sa + Ak +G(s)

Mg TMg

~.
I
-

Using Theorem 1 and (3.28) we get
Sa—l

My _ Myji
Y+ Ak + G(s)

sl = fsfe

<M2

ik + G(s)
sl

s+ Ak 4+ G(s)

Together with (3.29), (3.30), it yields

a—1

S
19 AT GO

Ak + G(s) >
fi®i (x)s"‘ Tkt Ge| T ;

oo
2
j=1

Ml d+3-2m M2 d+1-2m M[ M2
< — ] T 2d ] T < — —_—,
s sl

and
i PRRNLICY. Sa<0) | )k GO
f I S 3k + Gs) i e 0k + GGs)
dt3-om d+5-2m M, M>
W < + -,
- |s|"‘ Tela—1 Z |s|°‘ = 1] - |s|°‘_1 |s|°‘
because d"’%# < d+322m < d+52;2m < —1. By Theorem 1, we obtain

uy(x,t),uy(x,t) € BSAw_1(Ry) C BSA3(R;). Together with u(x,1) €
BSA3(Ry) by Theorem 6 c¢) it yields u(x, ) € BSAS(Ry). Thus, u € C3(2) x
BSA(R,).
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Let u,ii € C3(2) x BSA%(RJr) be two solutions of Problem (C). Then w =
u—ieCi(R) x BSA%(]RJF) is a solution of

t
Cat"‘w(x, t) =kAw(x,t) — / gt —nw(x, ndn, (x,t) € 2 xRT,
0

wx, 1) =0, (x,1) €92 xRF, (3.50)
wx,0) =0, 20| =0, xef.

Taking the Laplace transform of (3.50) we get the Dirichlet Schrédinger

problem (3.46), and the uniqueness of u follows. O

4 Inverse problems

In this section, we study inverse problems of identifying fractional derivative order «,
the parameter k, and the memory function g(¢) from some observed information of
solutions at a single point inside §2 (or on the boundary 9£2). We follow the recon-
struction methods found in [6], [7], [20], [33].

We focus now on finding initial conditions f(x), 2 (x), so that we can reconstruct
the constants {«, k} and the memory function g uniquely from observation of the
solution of Problem (R) and Problem (C), respectively, at a single point {u (b, t)};~0,
where b € £2 is an arbitrary point.

We start with the inverse problem of Problem (R). Choose the initial conditions
f(x) = h(x) = ¢1(x). Then the observation u (b, t) is given by

u, 1) = (c1() +di()e1(b), b e 2,
with
17%1(0) =1, D*'e1(0) =0, 177%d(0) =0, D*~'di(0) = 1.
Recall that ¢ (b) # 0, as the principal eigenfunction of the Laplacian never vanishes
inside £2 [23, page 262, Problem 8, Problems on Chapter IV], and so the observation
is not trivial.
Taking the Laplace transform of the observation u(b, ) with respect to ¢, and

recalling (3.9) and (3.10), we have

U, s) sl ®)
)= .
s+ k1 G(s)?!

Consequently,

1 b
%:s“+klk+G(s)~s“, s — 00,
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and therefore, o can be recovered from the observation as follows

a ((S + 1)<P1(b)>
. U(b,s)
o = lim

§—>00 Ins

3
, §<Ol<2. “4.1)

Once « is recovered, k can be obtained as

k = lim i [M _ s“:| , “4.2)
500 Aq U(b,s)
and G (s) as
G(s) = w —s* —kX;, Res>0. 4.3)

Ub, s)

The memory kernel g(¢) can be recovered by taking the Laplace inverse transform of
G (s). Thus we have proved

Theorem 9 Let% <o < 2,and f(x) = h(x) = ¢1(x), then one observation of u at a
single point b € 2 determines uniquely the fractional order o by (4.1), the parameter
k by (4.2), and the memory function g by taking the Laplace inverse of G(s) from
(4.3).

Similarly, from the observation u(b, t) of Problem (C) one can find

1n((s+ Dei(h) 1)

. s2 U(b, s)

o =— lim , —<a<?2,

§—>00 Ins 2

[04

b= lim [+ Da® ’

s—oo A1 | s2 U, s)
and
(s + D1 (b) _1
G(S)=Sa [m—l]—kk], Res > 0, g(t)=(£ G)(1).

Assume now that the observation point b is on the boundary 9£2. Since u (b, t) = 0
when b € 052, so instead of u(b,t) we should observe %ﬁ’”, the outer normal
derivative of u at the boundary point b.

For the inverse problem of Problem (R) with the special initial conditions

17%(x,0) = D 'u(x,0) = @i(x), for each t > 0 the solution u(x,) =

_ d
(c1(t) + d1()p1(x) € CL($2) when 902 € C[Z]Jr2 [23, page 155, Theorem 3,

Section 6, Chapter III]. Since % # 0, the observation augﬁ’t ) is meaningful.
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Taking the Laplace transform of the observation u(b, t) with respect to 7, and
recalling (3.9) and (3.10), we have

U, s) s+ 1 31 (b)
v s+ rk+G(s) v
Therefore,
(s + 1) 2D
4
In U (b.s) 3
o = lim dv ., S <a<2, (4.4)
§—00 Ins 2
R e
":s‘H‘;orl[W—s ’ @
v
and
S+1 a(pl(b)
G(s) = % —s%—ki1, Res>0. (4.6)
Bv“

Then we obtain

d
Theorem 10 Let 052 € C[2]+2 and% < a < 2. Taking f(x) = h(x) = @1(x), then
using one observation % at a single point b € 952 we can reconstruct uniquely
the fractional order o by (4.4), the parameter k by (4.5), and the memory function g

by taking the Laplace inverse of G(s) from (4.6).

d
In the case of the inverse problem for Problem (C), if 02 € C [Z}H and b € 952,
then from the observation %ﬁ”) of Problem (C) we can find

991 (b)
n (& . 1)
2 0U(0.s)
o =— lim v

§—>00 Ins

, —<o<?2,
2

al(s4+1 dp1(b)
k = lim S @ —11,
s—>00 A 52 3Ua(byb)
v

and

(s + 1)3W1(b) B
G(s) = s“ [Szau—(bi) — 1| —kr;, Res>0, g(t)=(L'G)@).
v
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